We give a construction of a Dirac operator on a quantum group based on any simple Lie algebra of classical type. The Dirac operator is an element in the vector space Uq(g) ⊗ clq(g) where the second tensor factor is a q-deformation of the classical Clifford algebra. The tensor space Uq(g) ⊗ clq(g) is given a structure of the adjoint module of the quantum group and the Dirac operator is invariant under this action. The purpose of this approach is to construct equivariant Fredholm modules and K-homology cycles. This work generalizes the operator introduced by Bibikov and Kulish in [1] .
1. The Dirac operator on a simple Lie group G is an element in the noncommutative Weyl algebra U (g)⊗cl(g) where U (g) is the enveloping algebra for the Lie algebra of G. The vector space g generates a Clifford algebra cl(g) whose structure is determined by the Killing form of g. Since g acts on itself by the adjoint action, U (g) ⊗ cl(g) is a g-module. The Dirac operator on G spans a one dimensional invariant submodule of U (g) ⊗ cl(g) which is of the first order in cl(g) and in U (g). Kostant 's Dirac operator [10] has an additional cubical term in cl(g) which is constant in U (g).
The noncommutative Weyl algebra is given an action on a Hilbert space which is also a g-module. Since the Dirac operator is the invariant subspace it follows that it commutes with the action of g and hence the Dirac operator acts as a constant on each irreducible component in the representation of g on the Hilbert space. The spectrum of the Dirac operator captures the metric properties of the the Riemannian manifold G [2] .
In [1] Bibikov and Kulish considered the quantum group deformation of su(2) and constructed a Dirac operator which is invariant under the adjoint action of the quantum group. In this approach the spectrum of the operator grows exponentially as a function of the highest weight of the representation of the quantum group. The sign operators of this type of Dirac operators can be used to define equivariant Fredholm modules which can be applied in the study of D-branes, K-homology, index theory and cyclic cohomology.
The purpose of this paper is to study further the approach of the reference [1] . We are looking for an operator in the vector space U q (g) ⊗ cl q (g), where cl q (g) is a q-deformation of the Clifford algebra which transforms covariantly under the action of the quantum group. Furthermore, we postulate the following defining principles for the covariant Dirac operator D 1. Considered as a submodule of U q (g) ⊗ cl q (g), D spans a one dimensional trivial module under the adjoint action of U q (g).
2. Considered as an operator on a Hilbert space, D commutes with the representation of U q (g).
For the Lie algebras the property 2. is a consequence of 1. However, if we let a quantum group act on the tensor product U q (g) ⊗ cl q (g) with its coproduct, we need to choose the module structures in cl q (g) and U q (g) carefully to make an operator with property 1. verify 2. This is not a general fact and will be explained in 8.
We consider the adjoint representation of the quantum group and define a bilinear form in this module which is invariant under the action. The braiding operatorŘ commutes with the coproduct of U q (g) and it can be considered as a q-analogue of the permutation of a tensor product. We letŘ act on a tensor product of adjoint representations and use the spectral decomposition of this action to define the q-Clifford algebra. The eigenvectors ofŘ split into two parts which can be considered as q-deformations of symmetric and antisymmetric tensor products. We identify the 'q-symmetric' tensors with their image in the bilinear form. The practical difficulty in this approach is that there are no general formulas for the spectral decompositions. However, the explicit form of theŘ-operator is well known and so one can solve the eigenvalue problem with some mathematical software for any chosen quantum group and apply our results.
We give a constructive proof for the existence of the covariant Dirac operator with the properties 1. and 2. on any quantum group based on any complex simple Lie algebra of classical type. The deformation parameter q is supposed to be strictly positive real number. We give an explicit construction in the case of SU q (2) and build a Fredholm module from the sign operator.
2. Conventions. Let g be a simple finite dimensional Lie algebra with a set of simple roots ∆ = {α i : 1 ≤ i ≤ n} and Cartan matrix a ij . Let q = 1 be a complex number. The quantum group U q (g) is the unital associative algebra with generators k i , k
where q i = q di , d i 's being the coprime integers such that d i a ij is a symmetric matrix and the q-binomial coefficients are defined by
In the limit q → 1 the algebra U q (g) reduces to U (g). U q (g) is a Hopf algebra with a coproduct
The coproduct △ is noncocommutative and there exists a universal R-matrix such that
where σ permutes the tensor product. The R-matrix is an infinite sum defined in some completion of the tensor product U q (g)⊗U q (g) but only a finite number of terms are nonzero in any finite dimensional representation. Here we always assume that the parameter q is a strictly positive real number. In this case the braiding operatorŘ = σR is a selfadjoint operator in any finite dimensional representation.
In the limit q → 1,Ř becomes the permutation operator. Let h be the Cartan subalgebra of g with a basis h i satisfying α j (h i ) = a ij . The representation (V λ , π λ,q ) of U q (g) is of the highest weight λ ∈ h * if there exists a vector ξ so that π λ,q (e i )ξ = 0 and π λ,q (k i )ξ = q λ(hi)/2 ξ for all i and the action of the operators π λ,q (f i ) on ξ generate V λ . Denote by P + the set of integral dominant weights of a simple Lie algebra g. As was shown in [12, 13] the theory of finite dimensional representations of g and quantum group U q (g) are identical in the case q is not a root of unity. A highest weight module (V λ , π λ,q ) of U q (g) is finite dimensional if and only if λ ∈ P + . If λ ∈ P + then the dimension of each weight space is equal to the dimension of the corresponding weight space in the highest weight module (V λ , π λ ) of U (g). The category of representations is semisimple with simple objects (V λ , π λ,q ), λ ∈ P + . For each morphism in the category of U (g) representations there exists a corresponding morphism in the category of U q (g) representations.
The matrix elements of an irreducible module (V λ , π λ,q ) of U q (g) depend continuously on the parameter q so that in the limit q → 1, π λ,q (e i ) and π λ,q (f i ) define representation matrices for generators of U (g). These operators fix the representation (V λ , π λ ) of U (g) completely.
We shall drop the q-subscript from the representations most often used in this work and denote by (U, π), (U * , π * ) and (V, ρ) the defining representation, its dual and the adjoint representation of U q (g). The q-integers are defined by
3. The adjoint action of the quantum group on itself is an algebra homomorphism
where
One can find a finite dimensional submodule in U q (g) which is isomorphic to the adjoint representation of the quantum group [4] . Let q = e h , X = h −1 (R t R − 1) where R t = σRσ and
where π lk are the matrix elements of the defining representation of U q (g). Denote by π * the dual representation
The vectors X lk transform covariantly under the adjoint action
According to the termionology of [4] , a (weak) quantum Lie algebra is an invariant submodule in U q (g) which is a deformation of g and transforms covariantly under the adjoint action. Denote by {u i } and {u * i } the basis vectors of the defining representation and its dual and by {v i } the basis of the adjoint representation. Using the matrix coefficients of the module isomorphism
X a 's span a quantum Lie algebra L q (g) inside U q (g) which is isomorphic to the adjoint representation of U q (g).
4
. Let g be a simple Lie algebra of classical type. The adjoint representation can be considered as an invariant submodule V ⊂ U * ⊗ U for the action
Proposition. There exists a nondegenerate bilinear form B q : V ⊗ V → C which is invariant under the adjoint action of U q (g), i.e.
B q is unique up to a multiplicative constant.
Proof. The adjoint representation (V, ρ) and the dual representation (V * , ρ * ) are isomorphic. Let τ : V → V * denote a module isomorphism. Choose a basis {v i } of V and let {v * i } denote the dual basis. The canonical pairing defined on the generators by eval(v *
Thus, the composition
is nondegenerate. B q is invariant because
for all x ∈ U q (g) and v, w ∈ V . Let φ be the map V → V * which sends v ∈ V to the functional φ(v)(w) = B q (v ⊗ w) ∈ V * . Using the Hopf algebra axioms we see that φ is a module homomorphism:
for all x ∈ U q (g) and v, w ∈ V . Furthermore, φ is a module isomorphism because B q is nondegenerate. If θ is another module isomorphism θ : V → V * we can define a module isomorphism θ −1 • φ : V → V which commutes with the action of the quantum group. g is simple and so the adjoint module V is irreducible and the uniqueness follows from Schur's lemma.
In practical calculations the form B q is easiest to find by fixing the costants directly from the invariance condition.
LetŘ
be the linear operator where R i is the R matrix acting on the i'th and (i + 1)'th component in the tensor product space V ⊗N and σ i permutes the tensor components. The braiding operatorŘ i commutes with the action of U q (g) on the tensor product and thus the eigenspaces ofŘ i are invariant subspaces of U q (g).Ř i is a selfadjoint operator and its eigenvalues are real. Furthermore, the eigenvalue of a nonzero eigenspace is not equal to zero for any q > 0 becausě R i is an isomorphism. Thus, the tensor product splits into parts consisting of the vectors with strictly positive eigenvalues and strictly negative eigenvalues for any allowed value of q. In the classical limit q → 1 these eigenspaces become the symmetric and antisymmetric tensor products in the i'th and (i + 1)'th component.
Given a spectral resolution ofŘ i denote by {a i,k : k ∈ I} the negative eigenvalues and by {b i,k : k ∈ J} the positive eigenvalues ofŘ i . The braiding operators form a generalized Hecke-algebra with relationsŘ
Let T (V ) be the tensor algebra of V . We define the covariant Clifford algebra as a projection of T (V ) on the q-analogue of the antisymmetric tensor products by
where the ideal I is defined by
6. There exists a Lie algebra homomorphism ad : g → cl(g) which satisfies the equivariance condition
for all x, y ∈ g where γ is the canonical embedding g → cl(g). Once the irreducible representation (Σ, s) of cl(g) is given this fixes the representation of g on Σ.
Proposition. The algebras cl q (g) and U q (g) have representations s q and σ q on Σ which satisfy the q-deformed equivariance condition
for any x ∈ U q (g) and v ∈ V . The representation s q of cl q (g) is irreducible.
Proof. Denote by (Σ, s) an irreducible cl(g) representation. The vector space B(Σ) of all endomorphisms of Σ is a g-module equipped with the action given by commutator
Let us denote by σ q the representation of U q (g) on Σ which corresponds to the representation s( ad) of U (g) in the classical limit. The action
defines a representation of U q (g) on B(Σ). The module B(Σ) is reducible and the decomposition to irreducible subspaces is the same as in the classical case. The proof is based on the following observation. If X and Y are U (g) or U q (g) submodules of B(Σ) then the space XY spanned by the matrix products is also a U (g) or U q (g) submodule of B(Σ). This is true because by using the Hopf algebra properties we get
for all x ∈ U (g), M ∈ X and N ∈ Y . The corresponding formula holds also for the quantum group action ⊲ q . In both cases the matrix multiplication defines a module homomorphism m : X ⊗ Y → XY where the action on the tensor product is given by composing the coproduct with ⊲ or ⊲ q . By equivariance, the submodule B(Σ) ′ = s(γ(g)) is isomorphic to the adjoint representation. The module B(Σ) ′ ⊗ B(Σ) ′ reduces to invariant symmetric and antisymmetric components. The multiplication restricted to the symmetric submodule is a module homomorphism getting values in the trivial module C1 m : s( ad(x)) ⊗ s( ad(y)) + s( ad(y)) ⊗ s( ad(x)) → B(x, y)1, for all x, y ∈ g, where B is proportional to the Killing form.
Denote by B(Σ) ′ q the submodule of B(Σ) which is isomorphic to the adjoint representation of U q (g) and reduces to the representation s(γ(g)) in the classical limit. The tensor product B(Σ) ′ q ⊗ B(Σ) ′ q decomposes again into invariant components which are symmetric and antisymmetric in the q-deformed sense. The multiplication restricted to the q-symmetric part is a module homomorphism and must get values in the trivial module C1 because the representation theory corresponds to the classical one. Especially the homomorphism must be determined by the invariant bilinear form which is unique. Therefore we find a representation s q of cl q (g) on Σ which satisfies (1) with σ q .
It remains to show irreducibility. If the dimension of g is 2l the irreducible representation cl(g) → B(Σ) is an algebra isomorphism. If the dimension is 2l + 1 there exists two nonisomorphic irreducible representations which give an algebra isomorphism cl(g) → B(Σ) ⊕ B(Σ). Since γ(g) generates cl(g) as an algebra, each endomorphism algebra B(Σ) must be generated by the subspace s(γ(g)) = B(Σ)
′ . In terms of representation theory this has the following interpretation: Starting with B(Σ) ′ ⊗ B(Σ) ′ one can apply the multiplication homomorphism to construct more irreducible U (g) representations and after taking finite number of steps each irreducible component of B(Σ) is found. Similarly, we can consider B(Σ) as U q (g)-module and apply the multiplication process to B(Σ)
′ q which gives all the irreducible components of irreducible U q (g) representations in B(Σ), but then the module algebra generated by B(Σ) ′ q is the whole space B(Σ) and therefore no nontrivial invariant subspaces exist.
Corollary The algebras cl q (g) and cl(g) are isomorphic as associative algebras.
Proof. It follows from the above proof that the representations cl q (g) → B(Σ) in the 2l dimensional case and cl q (g) → B(Σ) ⊗ B(Σ) in the 2l + 1 dimensioal case are onto. Since the space of symmetric tensor products preserve the dimensionality in the q-deformation we get dim(cl q (g)) = dim(cl(g)).
Then dim(cl q (g)) = dim(B(Σ)) or dim(cl q (g)) = 2dim(B(Σ)) in 2l and 2l + 1 dimensions. Thus, the irreducible representations define algebra isomorphisms
Especially, the algebras cl q (g) and cl(g) are isomorphic.
7.
We first define an invariant one dimensional subspace in the vector space V ⊗ V * and then define D in the image of this subspace in a module isomorphism from V ⊗V * to a submodule of U q (g)⊗cl q (g). The module structure of U q (g) ⊗ cl q (g) is chosen so that D commutes with the representation.
Proposition. Let {v i } denote the basis of V and {v * i } the dual basis. The vector Ω ∈ V ⊗ V * defined by
is invariant under the action of U q (g).
Proof. For all x ∈ U q (g)
8. Representations on tensor products are dependent on the choice of the Hopf algebra structure for the quantum group. If we fix a Hopf structure, then by definition, the adjoint action on a vector
Let φ ′ : V → L q (g) and τ : V * → V be module isomorphisms. We could try to define the Dirac operator by A = (φ ′ ⊗ γ q • τ )(Ω). This is certainly invariant under the action (2) of the quantum group. Let us write A = i,j α ij X i ⊗ ψ j for some complex numbers α ij .
Denote by s q the irreducible representation of cl q (g) and σ q the representation of U q (g) on Σ which satisfy (1) 
. Even though A is invariant it fails to commute with the representation of U q (g). This can be seen using
for some x ∈ U q (g) and |ω ∈ V λ ⊗ Σ because of the noncocommutativity of the coproduct.
9.
The problem above can be cured by modifying the structure of the module L q (g). Let us choose the primary Hopf algebra structure for U q (g) by
′′ is always applied to this one. The opposite Hopf algebra structure is defined by
We apply the method of 3. to construct a quantum Lie algebra for the Hopf algebra U q (g) with the opposite Hopf structure. This gives us a module L op q (g) with a basis {Z i } transforming as
for each x ∈ U q (g) and ρ ji are the matrix elements of the fixed adjoint representation V . Denote by
Theorem. Consider the representation theory of cl q (g) and U q (g) given by (Σ, s q ) and σ q as in the proposition of 6. The operator
is invariant under the action of U q (g):
Let |ω ∈ V λ ⊗ Σ and x ∈ U q (g). Using the Hopf algebra properties
we find that
The limit q → 1 of this operator is the classical Dirac operator with a reduced connection. We can also add the cubical in cl q (g) to D so that it satisfies the required properties. The tensor product V ⊗ V contains an invariant subspace isomorphic to the adjoint representation in the negative spectral subspace of the braid operator. Thus, it does not vanish when embedded into the algebra cl q (g). Let θ : V → cl q (g) denote the corresponding module isomorphism. The cubical part of the Dirac operator is defined by
where m is the product of cl q (g). Γ is invariant under the action of U q (g) and commutes with the representation. For a suitable choice of constant N the operator D+N Γ reduces to the geometric Dirac operator equipped with a Levi-Civita connection or to Kostant's Dirac operator [10] in the limit q → 1. 
Let us write φ(|1, m ) = Z m . Using the Clebsch-Gordan rule we find
The subspace V 0 ⊕ V 2 is in the positive spectral subspace ofŘ and the adjoint module V is in the negative spectral subspace. The following Clifford algebra relations can be written down immediately by identifying the basis vectors of V 0 ⊕ V 2 with their image in B q
where ψ i = γ q (|1, i ) and b is some constant fixed from the normalization of the form B q . The irreducible representation space for cl q (g) is 2-dimensional, Σ = V 1/2 . Let us choose σ q = π 1/2,q . The vector space B(Σ) becomes a U q (g)-module and the submodule isomorphic to the adjoint representation under the action (1) has a basis
These matrices satisfy the q-Clifford algebra relations with b = −1.
The module isomorphism τ : V * → V is given by
Now we can write
For any l ∈ 1 2 N 0 we define H l = V l ⊗ Σ. As a U q (su(2))-module this decomposes as
the basis vectors of the irreducible components. The Dirac operator acts on H l by
11. The matrix elements of the irreducible finite dimensional representations of U q (su 2 ) span the space of polynomial functions on the quantum group
The multiplication is derived from the Clebsch-Gordan coefficients. We use the Haar state of C[SU q (2) ] to complete C[SU q (2) ] ⊗ Σ to a Hilbert space H. The algebra U q (g) acts from left by
The explicite decomposition of the prehilbert space into irreducible components under the left action is given in [3] ( Proof. The spectrum of D grows exponentially as a function of j and therefore F 2 − 1 is a trace class operator
The operators of the irreducible * -representation [3] of C[SU q (2)] on H are of the form
where X(k) ↑↑ , X(k) ↓↓ ∈ B(H) and X(k) ↑↓ , X(k) ↓↑ ∈ L 1 (H) and each X(k) shifts the index j of the basis vector by k ∈ 12. Acknowledgements. The author wishes to thank his supervisor Jouko Mickelsson for several helpful discussions. This project was supported by the Väisälä foundation of the Finnish Academy of Science and Letters and The Finnish National Graduate School in Mathematics and its Applications.
